This paper discusses the circular version of list coloring of graphs. We give two definitions of the circular list chromatic number (or circular choosability) Ð´ µ of a graph and prove that they are equivalent. Then we prove that for any graph , Ð´ µ Ð´ µ ½.
Introduction
Suppose Î µ is a graph and Ô ¾Õ are positive integers. A´Ô Õµ-coloring of is a mapping Î ¼ ½ ¡ ¡ ¡ Ô ½ such that for any edge ÙÚ of , Õ ´Ùµ ´Úµ Ô Õ. Note that a´Ô ½µ-coloring of a graph is the same as a Ô-coloring of . The circular chromatic number ´ µ of is defined as ´ µ Ò Ô Õ admits a´Ô Õµ-coloring
Let be a set of integers (called colors). A list assignment Ä is a mapping Ä which assigns to each vertex Ú of a subset Ä´Úµ of . The set Ä´Úµ is called the set of permissible colors for Ú. An Ä-coloring of is a mapping Î such that for each vertex Ú, ´Úµ ¾ Ä´Úµ and for each edge ÙÚ, ´Ùµ ´Úµ. The list chromatic number or the choosability Ð´ µ of is the least integer such that for any list assignment Ä for which Ä´Úµ for every vertex Ú of , there is an Ä-coloring of .
The concept of list coloring has a straightforward circular version. Circular list coloring was motivated by the needs of inductive proofs in solving circular coloring problems. In an inductive proof, we may need to prove that aný Ô Õµ-coloring of a subset of Î´ µ can be extended to a´Ô Õµ-coloring of .
This would be equivalent to prove that for a certain list-size assignment , the subgraph is -´Ô Õµ-choosable. Such proof techniques are used in [1] [2] [3] [4] 9] .
In [6] , the authors gave a characterization of those for which a tree is -Ô Õµ-choosable, and a characterization of those for which an odd cycle is -´¾ · ½ µ-choosable. The circular chromatic number of a graph has a few equivalent definitions [8] .
Another frequently used definition is the following: Suppose Ö ½ is a real number.
Denote by Ë´Öµ a circle in the plane with circumference Ö. For two points Ü Ý of Ë´Öµ, let Ü Ý Ö be the distance on the circle between the two points. We may identify Ë´Öµ with the interval ¼ Ö µ, and imagine that the two end points of the interval are identified. Then Ü Ý Ö Ñ Ò Ü Ý Ö Ü Ý . An Ö-coloring of is a mapping Î Ë´Öµ such that for any two adjacent vertices Ù Ú, ´Ùµ ´Úµ Ö ½. It is known [8] that for any graph , ´ µ Ñ Ò Ö has an Ö-coloring This definition can also be naturally modified to define the circular list chromatic number of a graph. The following version of the circular list chromatic number of a graph is formulated by B. Mohar [5] . ¼ and for any´Ø ·¯µ-circular list assignment Ä, has an circular Ä-coloring. Conversely, if for any Ø-circular list assignment Ä, has an circular Ä-coloring, then is circular Ø-choosable. Therefore the circular list chromatic number of can be defined as Ð´ µ Ò Ø for any Ø-circular list assignment Ä, has a circular Ä-coloring Then we study the relation between Ð´ µ and Ð´ µ. It is proved that for any integer Ò, if is not Ò-choosable, then is not circular Ò-choosable. As a consequence, we have Ð´ µ Ð´ µ ½. On the other hand, it is proved that everydegenerate graph is circular ¾ -choosable. Moreover, this bound is sharp: for each ¼, there is a -degenerate graph which is not circular´¾ ¯µ-choosable. Since every -degenerate graph is´ · ½ µ -choosable, it follows that the difference Ð´ µ Ð´ µ can be arbitrarily large. This answers a question of Mohar [5] . Finally, we prove that if has maximum degree , then Ð´ µ · ½ , which answers another question of Mohar [5] .
Basic properties
Let Ë´Öµ be a circle of circumference Ö, 
is defined similarly.
First we prove the equivalence of the two definitions of the list circular chromatic of a graph. Proof. Let Ä be a list assignment, which assigns to each vertex Ú of a set Ä´Úµ of at least permissible colors. Let Ö Ñ Ü · ½ ¾ Ä´Úµ for some Ú ¾ Î . 
Lemma 5

Let
Ä ¼ be a circular list assignment with respect to Ö of defined as Ä ¼´Ú µ ¾Ä´Úµ´ · ½ µ . Then it is easy to see that if is not Ä-colorable, then is not circular Ä ¼ -colorable.
circular list coloring of -degenerate graphs
It is known that for any graph , ´ µ ´ µ [8] . It is natural to ask, as Mohar did in [5] , whether it is true that Ð´ µ Ð´ µ for all graphs . This turns out to be false. 
and let
´Ùµ Ò Ä ´Ùµ
Let Ú ·½ be a vertex such that We shall prove that at each step, the set Ä ´Ùµ is non-empty, so the coloring is well-defined. It follows from the definition that ´Ú ¼ µ ´Ú ½ µ ¡ ¡ ¡ ´Ú Ò µ. Thus the coloring scheme produces a coloring of such that if Ù Ú, then ´Ùµ ´Úµ ½, and moreover, ´Ú ¼ µ ´Ú ½ µ ¡ ¡ ¡ ´Ú Ò µ Ö ½ (as Ä Ò ½´ÚÒ µ has length at least ½). Hence ´Ùµ ´Úµ Ö ½ for any two adjacent vertices Ù and Ú. The only problem now is that it may happen that ´Ùµ ¾ Ä´Ùµ. As noted above, if ´Ùµ ¾ Ä´Ùµ, then ´Ùµ is the left end point of an arc of Ä´Ùµ. If this happens we let ¼´Ù µ ´Ùµ · AE for all Ù ¾ Î´ µ. It is easy to see that if AE ¼ is small enough, then is an Ä-coloring of .
